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Abstract butional sense. Since this energy is not strictly convex, th
uniqueness of global minimizer cannot be assured. The use
This paper sheds new light on minimization of the total of L' fidelity has already been studied by some authors.
variation under thel.!-norm as data fidelity termi(* +7'V') In [1, 2, 3], Alliney restricts his studies to the one dimen-
and its link with mathematical morphology. It is well known sional case and to the discrete case. He provides an algo-
that morphological filters feature the property of being in- rithm which converges towards a local minimum thanks to
variant with respect to any change of contrast. First, we recursive median filters. In [21, 22, 23], Nikolova studies
show that minimization of! + TV yields a self-dual and  functionals with non-smooth priors and fidelity terms (in-
contrast invariant filter. Then, we further constrain thexmi  cluding the one considered in this paper) and presents very
imization process by only optimizing the grey levels oflleve good results for image denoising. In [22], she reports that
sets of the image while keeping their boundaries fixed. Thisthe minimization of TV under &'-norm constraint yields
new constraint is maintained thanks to the Fast Level Setanimage where some pixels do not change their gray-levels.
Transform which yields a complete representation of the im- In [7], Chanet al. directly address the continuous problem.
age as a tree. We show that this filter can be expressed as'hey show that the data energy is not continuous with re-
a Markov Random Field on this tree. Finally, we present spect to minimizers. In [8], the authors use (1) to get solu-
some results which demonstrate that these new filters cartions for some non-convex minimization problems. In [4],
be particularly useful as a pre-processing stage before seg Boumanet al. study generalized Gaussian: The considered
mentation. functional is a special case of this study.

In [18], it is stated that a square cannot arise as a min-
imizer of (1). As a consequence, in [11, 12], Dibetsal.
propose an iterative algorithm to minimize TV where only
o o ] gray-levels of level sets are allowed to change while their

Minimization of total variation (TV) unde.” data fi-  ghanes remain unchanged. Their algorithm relies on the
delity is a popular image r_estguranon technique [2_4]. Itis topographic map [6] (also known as FLST-tree) which is
well-known that solutions live in the space of functions of 5 contrast invariant representation of the image and a tree.
bounded variation which allows for sharp boundaries [13]. Ths tree can be efficiently built using the Fast Level Sets
However, in [7], Charet al note tha_lt Fhe minimizer gener- - Transform (FLST) described in [20].
ally presents a loss of contrast (this is mainly due to the use
of L2 fidelity). As a consequence they propose to replace In this paper, we show that minimization of (1) yields a
it by L. In this paper, we consider the minimization of self-dual and contrast invariant filter. Then we follow the
TV underL! fidelity. We present new theoretical results (to ideas of Diboset al. by minimizing (1) under the supple-
our knowledge) of minimizers of this functional along with mentary constraint that shapes can only change their gray-

1 Introduction

some new filters. levels. The rest of this paper is as follows. In section 2, we
Suppose an image is defined on a rectafigté IR?, we show that TV minimization undek! fidelity is a self-dual
are interested in minimizing the following energy: and contrast invariant filter. We briefly present the FLST-
tree in section 3. In section 4 we reformuldte+ TV min-
E,(u) = / |u(z) — v(x)| dz + ﬁ/ [Vul , (1) imization on the FLST-tree and show that it corresponds to
Q Q

a Markov Random Field (MRF). A fast and exact minimiza-
where last term is the total variation of weighted by a  tion algorithm and some results are presented in seétion
coefficient3. Note that the gradient is taken in the distri- Finally we draw some conclusions in secti@n



2 L'+ TV as acontrast invariant filter

In this section we show that the minimization of the total
variation under thé.'-norm as a data fildelity term yields a
contrast invariant filter.

2.1 Definitions

Using previous equalities, equation (1) rewrites as fol-
lows:

(4)

A) ., where

EMur o) = / (BIVXur| + ’u)‘(ac) — v’\(m)] dz)
Q

It is important to note that any ter; (u*,v*) involves
thresholded images* andv* only. In other words, this de-

We first introduce the notion of level sets and change of composition rewrites (1) as a summation on all gray-levels

contrast.

Definition 1 The lower and upper level sets of an image,
referred to asL, and U> respectively, are defined as fol-
lows:

Ly(u) ={z,u(z) < A}

and
UMu) = {z,u(z) > A} .

Lower level sets of will also be referred to as* for con-
venience.

Note that decompositions into level sets is sufficient to re-

construct the image:

u(z) = inf{\, Lx(u)(x)} = sup{A, U/\(u)(ac)} (2)

We define a continous change of contrast as follows [14]:

Definition 1 Any continuous non-decreasing function is
called a continuous change of contrast.

We now introduce a lemma proved in [15].

Lemma 1 Assumg to be a continuous change of contrast
and u a real function defined dn. The following holds:

VA3 La(g(uw)) = Ly(u) -

The same property holds for upper level sets.

In other words, after a continuous change of contrast, the

level sets of an image(v) are some level sets of the im-
agev.

2.2 Reformulation through level sets

We now reformulate (1) using the level sets of an image
as describedin [7, 9]. The coarea formula states that for any
function which belongs to the space of functions of bounded

variation, we have for almost all

whereP(FE) andy g stand for the perimeter and the charac-
teristic of the sef?, respectively.L! fidelity can be rewrit-
ten as follows:

u\r) —ov\x T = .UAIE*’UAI’ T .
/Q|<> (@) d /]M|<> (2)) d

of quantities. Moreover, in [9, 10], it is shown that one can
independentlpptimizes everyE} (-, v*) in order to mini-
mize (1), and then to reconstruct the minimizer using (2).
We are now ready to show that minimizationbf + TV
yields a contrast invariant filter.

Theorem 1 Letv be an observed image agde a contin-
uous change of contrast. Assum be a global minimizer
of E, (). Theng(u) is a global minimizer ofZ,,)(-).

Proof: It is sufficient to prove that for any level, a
minimizer forg(v)* is g(u)*. Using lemma 1, there exists
w such that* = g(v)*. A minimizer of E£(-, v#) is u*.
Thus, u# is a minimizer of E#(-, g(v)*). And we have
u* = g(u)*. This concludes the proof. O

Self-dual invariance is easily obtained.

Theorem 2 Letv be an observed image and assumis a
minimizer ofE, (-), then—u minimizesE_, ().

Proof: Itis enough to note thaf, [Vu| = [, |V(—u)| and

that [, [u(z) — v(z)|de = [ [(—u(z)) — (—v(z))|dz.
The conclusion is straightforward. O

These results of contrast invariance and self-duality are
new to our knowledge.

3 Fast Level Set Transform

In this section we briefly review the topographic map[6]
which is built using the Fast Level Sets Transform. We refer
the reader to [19, 20] for a complete presentation.

The topographic map relies on simple inclusions of level
sets. The family of lower and upper level sets are respec-
tively increasing and decreasing, i.e,

Ly(u) C L,(u) VA<,
UMu) € UM(u) YA > p,

These inclusion properties allow for a non-redundant and
complete representation of an image into a tree, which will
be referred to as FLST-tree for the rest of this paper. Ba-
sically, we consider connected components of level sets
whose holes have been filled, referred to as shapes. A node
of the FLST-tree corresponds to a shape. The parent of a
node is the smallest shape that contains it while descesidant
are all shapes included into it. Because the FLST-tree con-
siders both lower and upper level sets for inclusion, each
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Figure 1. A simple image and its correspond-
ing FLST-tree. Inferior and superior shapes
are denoted by inf and suprespectively.

shape is tagged to know if it comes from a lower or upper

4 L'+ TV onthe FLST-tree

In this section we consider the FLST-tree of the observed
imagev. Since, this tree is a complete representation of the
image, we use it to reformulate the functional (1). Thus, we
will minimize L' + TV under the following new constraint:
only gray level values; of shapes are allowed to change.
Boundaries of shapes do not move. In what follows, original
and minimizer gray level value of a shafigwill be referred
to asv; andu; respectively.

We first reformulate fidelity terms and the total variation
term. Then we show that it is a Markov Random Field.

4.1 Reformulation on the FLTS-tree

The idea relies on defining a partition Qfobtained us-
ing the FLST-tree. Such a patrtition is obtained as follows:
for each shap®, we have kept pixels which are i$}; but
not in its descendants. Recall that such a set is denoted by
D;. As a consequence the famif\D; } is a partition ofQ.
Therefore data fidelity term can be rewritten as follows:

N
> |Dillui — vil.
=1

Using the shapes provided by the FLST-tree and the
coarea formula (3), we rewrite the total variation as fokow

N-1
Z Plu; — u?|.
i=1

It only depends on the difference between the gray values

level set. Figure 1 depicts such a tree on a simple exam-of a shape and its parent weighted by the perimeter of the

ple. Thus, this tree decomposes an imagmto shapes
S1,...,Sn, whereSy is the root of the tree.

considered shape.

Many attributes associated to each shape can be com4.2 Markov Random Field

puted. For the remaining of this paper we only consider
attributes required to rewrité' + TV on the FLST-tree.
Thus we need for each shafgthe following attributes:

e Its gray valuey;,
e its perimeterP;,
¢ the set of pixels which are ifi;.

¢ the set of pixels which are if; butnotin its descen-
dants. This set is denoted 13y; and its cardinality by
| Dil.

The gray level value of the parent of the shafewill be
referred to as?. Of course the parent of the root is not
defined.

Finally, note that the definition of the FLST-tree only in-
volves level sets. Thus two images which differ only by a
change of constrast give the structure of the tree (only gray
level of shapes differs). The same property holds for self
duality.

As a consequence, we are interested in finding a family
vp...v; Which minimizes the following energy:

N N—-1
> IDillui = wil + 8 Pilui —u?].
i=1 =1

As one can see, this is the Bayesian labelling of a Markov
Random Field where pairwise interactions are considered.
More precisely, sites of the random field are the nodes of
the FLST-tree whose labels are the gray level values of the
shapes. Neighborhoods are defined by children and parents.
Cliques of order 2 are considered. One can easily adapt
theorem 1 and 2 to show that this minimization yields a self-
dual and contrast invariant filter. The only difference iatth

Q is now the nodes of the FLST-tree instead of a rectangle
of IR?. Thus the integral ove® is replaced by a summation

on nodes of the FLST-tree.

(5)

5 Minimization algorithm and results

We briefly present an exact optimization algorithm for
minimizing (5) and then present some results.



Table 1. Time results (in seconds)for our filter-
ing. Time needed to build the FLST-tree and
to perform the minimization are presented in
the second and the third column respectively.

Image FLST Minimization
Lena (256x256) 0.18 0.11
Lena (512x512) 1.09 1.04
Woman (522x232) 0.39 0.06
Squirrel (209x288) 0.24 0.19

5.1 Minimization Algorithms

We are interested in minimizingxactly energy (5).
Many algorithms are available to minimize it since this en-
ergy is convex. However this energy is not differentiable
because of the use of absolute norm. Thus is it quite diffi-
cult to get arexactminimizer using gradient descent. Note
that one could take benefit from the tree structure for this
minimization, and use a Viterbi-like algorithm as descdbe

ground tends to become homogeneous and face details are
removed, while the contrast is not lost. This is mainly due
to the morphological behavior of the filter. Results suggest
than these images can be used as good initial starts for a
segmentation algorithm. Finally, only few regions remain
when a very high3 is used. Level lines of such a mini-
mizer are depicted in Figure 2 superimposed on the original
image. Note that the boundaries do not move. This result
shows that this filter behaves correctly even in the limit of
strong weighted coefficient.

Figure 3 depicts minimizers for a textured image. On
this image, the highes is the more the texture is removed.
However, the background and the squirrel almost do not
merge. They merge where the tail has a hole and where
the tail is dark due to shading. Except from these two ar-
eas, results are very good. Note how well the separation
between the two textured regions (background/squirrgel) is
using a highs. This latter result could be a segmentation
result itself except for the two problems mentioned above,
and also because the eye, being too small, is missed.

6 Conclusion

in [25]. However, this is intractable because some nodes of

the FLST-tree have too many children (typically more than
200).
We used the algorithm described in [10] which provides

In this paper we have shown that minimizing the total
variation under thel.! norm as data fidelity yields a self-
dual and contrast invariant filter. We have added a con-

anexactglobal minimizer of energy (5) using a divide and straint such that boundaries of level sets cannot move. Ex-
conquer approach. Basically it uses the formulationin germ periments have shown that this filter behaves particularly
of level sets given in (4). Each terd) (u*,v) is dis-  well in order to simplify an image. This is mainly due to its
cretized and it yields a MRF where only binary variables are morphological behavior. Moreover an efficient algorithm is

involved. Exact solutions of these binary MRF are found
thanks to minimum-cut [16]. It is also shown that if two
neighboring pixels at a level are different (i.e one is above

A and the other below), then they do not interact with each
other anymore. Thus optimizations involving these pixels
can be performed independently. This algorithm requires
loga L minimum cuts wherd. is the number of gray levels
(typically L = 28). In practice, time required to perform a
minimum cut is quasi-linear with respect to the number of
pixels [5].

We used the implementation of the FLST algorithm
available in the Megawave image processing library [17].
Time results (in seconds on a 3GHz Pentium 4) for the well-
known lenaimage and for the two images depicted in fig-
ures 2 and 3 are presented in table 1. As one can see, thi
algorithm is fast.

5.2 Experiments

We demonstrate on some examples that total variation
minimization with L! data fidelity and constrained by the
FLST-tree can be a good image simplification filter. In par-
ticular, experimental results show that it can be very usefu
as a pre-processing step for segmentation.

Figure 2 depicts minimizers for the image "woman” with
different regularization coefficients. As one can see, the
higher g is the more the image is simplified. The back-

available to perform the minimization.

Further extensions are considered. We could use other
morphological trees like Min/Max trees as proposed by
Salembieret al. in [26]. We are currently working on
formalizing connected attribute opening/closing as a mini
mization process on these trees using our approach. Einally
extension of this method to vectorial self-dual mathenadtic
morphology will be presented in a forthcoming paper.
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Figure 2. L' + TV minimization on the FLST
results for image "woman". Original image

is depicted in (a). Minimizers for [ = 3 and
B = 15 are shown on (b) and (c) respectively.
Image (d) depicts the level lines (in white) of
the minimizer for 3 = 30 superimposed on an
attenuated version of the original image.

(d)

Figure 3. lllustration of L' + TV minimization
on the FLST-tree for a textured image. Orig-
inal image is depicted in (a). Minimizers for

B8 =1and g = 2 are shown on (b) and (c) re-
spectively. Image (d) depicts the level lines
(in white) of the minimizer for 3 = 10 super-
imposed on the original image.



